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DERIVATION RELATION FOR FINITE MULTIPLE
ZETA VALUES IN Â
HIDEKI MURAHARA AND TOMOKAZU ONOZUKA
Abstract. Ihara, Kaneko, and Zagier proved the derivation rela-
tion for multiple zeta values. The first named author obtained its
counterpart for finite multiple zeta values in A. In this paper, we
present its generalization in An.
1. Introduction
For k1, . . . , kr ∈ Z≥1 with kr ≥ 2, the multiple zeta values (MZVs)
and the multiple zeta-star values (MZSVs) are defined by
ζ(k1, . . . , kr) =
∑
1≤n1<···<nr
1
nk11 · · ·n
kr
r
,
ζ⋆(k1, . . . , kr) =
∑
1≤n1≤···≤nr
1
nk11 · · ·n
kr
r
,
respectively. For n ∈ Z≥1, we define the Q-algebra An by
An :=
(∏
p
Z/pnZ
)/(⊕
p
Z/pnZ
)
= {(ap)p | ap ∈ Z/p
nZ}/ ∼,
where (ap)p ∼ (bp)p are identified if and only if ap = bp for all but
finitely many primes p. For k1, . . . , kr ∈ Z≥1 and n ∈ Z≥1, the finite
multiple zeta values (FMZVs) and the finite multiple zeta-star values
(FMZSVs) in An are defined by
ζAn(k1, . . . , kr) :=
( ∑
1≤n1<···<nr≤p−1
1
nk11 · · ·n
kr
r
mod pn
)
p
∈ An,
ζ⋆An(k1, . . . , kr) :=
( ∑
1≤n1≤···≤nr≤p−1
1
nk11 · · ·n
kr
r
mod pn
)
p
∈ An,
respectively. We write A := A1.
Recently, Rosen [9] introduced the Q-algebra Â. By natural pro-
jections An → An−1, we define Â := lim←nAn, where we put the
discrete topology on each An. We also define the natural projections
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pi :
∏
p Zp → Â and pin : Â → An for each n, where Zp is the ring of
p-adic integers. Then FMZVs and FMZSVs in Â are given by
ζ
Â
(k1, . . . , kr) := pi
(( ∑
1≤n1<···<nr≤p−1
1
nk11 · · ·n
kr
r
)
p
)
∈ Â,
ζ⋆
Â
(k1, . . . , kr) := pi
(( ∑
1≤n1≤···≤nr≤p−1
1
nk11 · · ·n
kr
r
)
p
)
∈ Â,
respectively. We can easily check that pin(ζÂ(k)) = ζAn(k) and pin(ζ
⋆
Â
(k)) =
ζ⋆An(k) for k ∈ Z
r
≥1. Furthermore, we define p := pi((p)p) ∈ Â and we
also use the notation p := pin ◦ pi((p)p) ∈ An (for details, see Rosen [9]
and Seki [10]).
We recall Hoffman’s algebraic setup with a slightly different con-
vention (see Hoffman [2]). Let H := Q 〈x, y〉 be the noncommuta-
tive polynomial ring in two indeterminates x, y, and H1 (resp. H0)
its subring Q + yH (resp. Q + yHx). Set zk := yx
k−1 (k ∈ Z≥1).
We define two Q-linear maps Z ,Z ⋆ : H0 → R by Z (1) = Z ⋆(1) := 1,
Z (zk1 · · · zkr) := ζ(k1, . . . , kr) and Z
⋆(zk1 · · · zkr) := ζ
⋆(k1, . . . , kr).
A derivation ∂ on H is a Q-linear map ∂ : H → H satisfying Leib-
niz’s rule ∂(ww′) = ∂(w)w′ + w∂(w′). Such a derivation is uniquely
determined by its images of generators x and y. Set z := x + y. For
each l ∈ Z≥1, the derivation ∂l on H is defined by ∂l(x) := yz
l−1x and
∂l(y) := −yz
l−1x. We note that ∂l(1) = 0 and ∂l(z) = 0. We define an
automorphism φ : H → H by φ(x) := z, φ(y) := −y, φ(1) := 1. This
map satisfies φ2 = id. In addition, Rx, Ry, and Rz are Q-linear maps
given by Rx(w) := wx, Ry(w) := wy, and Rz(w) := wz for any w ∈ H,
respectively.
Theorem 1.1 (Derivation relation for MZVs; Ihara-Kaneko-Zagier
[5]). For l ∈ Z≥1 and w ∈ H
0, we have
Z (∂l(w)) = 0.
The derivation relation for FMZVs in A was conjectured by Oyama
and proved by the first named author [8].
Theorem 1.2 (Derivation relation for FMZVs in A; Murahara [8]).
For l ∈ Z≥1 and w ∈ yHx, we have
ZA(R
−1
x ∂l(w)) = 0
in the ring A.
In this paper, we prove a generalization of the above theorem in
the ring Â. Similar to the definition of Z , we define two Q-linear
maps ZAn : H
1 → An and ZÂ : H
1 → Â by ZAn(1) = ZÂ(1) := 1,
ZAn(zk1 · · · zkr) := ζAn(k1, . . . , kr), and ZÂ(zk1 · · · zkr) := ζÂ(k1, . . . , kr).
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Theorem 1.3 (Main theorem). For l ∈ Z≥1 and w ∈ yHx, we have
∞∑
i=0
Z
Â
(Riz(1− φ)R
−1
x ∂l(w))p
i = 0
in the ring Â.
Remark 1.4. After submitting the first version of our paper, Jarossay
kindly informed us his recent work [6], which gave a strategy of the
proof of Theorem 1.3. His strategy is almost the same as ours. However
our method uses Lemma 2.3 (Seki’s duality theorem) instead of another
duality theorem. In addition, we give a formula for the derivation
relation in Â explicitly, which seems to be an advantage.
Since
ZAn(R
−1
x ∂l(w)) = ZAn(φR
−1
x ∂l(w))
−
n−1∑
i=1
ZAn(R
i
z(1− φ)R
−1
x ∂l(w))p
i,
(1)
and
ZA(φR
−1
x ∂l(w)) = 0,
ZA2(φR
−1
x ∂l(w)) = 0 (l:odd),
the following corollaries hold (for details, see Section 2.4).
Corollary 1.5. Apply pi1 to Theorem 1.3 implies Theorem 1.2.
Corollary 1.6. Apply pi2 to Theorem 1.3, we have
ZA2(R
−1
x ∂l(w)) = ZA2(φR
−1
x ∂l(w))− ZA2(RyR
−1
x ∂l(w))p
in the ring A2. Especially when l ≡ 1 mod 2, we have
ZA2(R
−1
x ∂l(w)) = −ZA2(RyR
−1
x ∂l(w))p.
2. Proof of the main theorem
2.1. Notation. The harmonic product ∗ and the harmonic-star prod-
uct ∗ on H1 are defined by
1 ∗ w = w ∗ 1 := w,
zkw1 ∗ zlw2 := zk(w1 ∗ zlw2) + zl(zkw1 ∗ w2) + zk+l(w1 ∗ w2),
1 ∗ w = w ∗ 1 := w,
zkw1 ∗ zlw2 := zk(w1 ∗ zlw2) + zl(zkw1 ∗ w2)− zk+l(w1 ∗ w2)
(k, l ∈ Z≥1 and w, w1, w2 are words in H
1), together with Q-bilinearity.
The harmonic product ∗ and the harmonic-star product ∗ are commu-
tative and associative, therefore H1 is a Q-commutative algebra with
respect to ∗ and ∗, respectively (see also Hoffman [2] and Muneta [7]).
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We define an automorphism S1 ofH by S1(x) := x, S1(y) := z, S1(1) :=
1, and S the Q-linear map of H1 satisfying S(1) := 1 and S(yw) :=
yS1(w) (w ∈ H). We also set an automorphism S˜1 of H by S˜1(x) :=
x, S˜1(y) := y − x, S˜1(1) := 1, and S˜ the Q-linear map of H
1 satisfying
S˜(1) := 1 and S˜(yw) := yS˜1(w) (w ∈ H). We note that
S ◦ S˜ = S˜ ◦ S = id,
Z ⋆ = Z ◦ S, Z = Z ⋆ ◦ S˜.
Hence hereafter, we set S−1 := S˜.
We define two Q-linear maps Z ⋆An : H
1 → An and Z
⋆
Â
: H1 → Â by
Z ⋆An(1) = Z
⋆
Â
(1) := 1, Z ⋆An(zk1 · · · zkr) := ζ
⋆
An
(k1, . . . , kr), and Z
⋆
Â
(zk1 · · · zkr) :=
ζ⋆
Â
(k1, . . . , kr).
Let α1 be an automorphism of H given by α1(x) := y, α1(y) :=
x, α1(1) := 1. Then, a Q-linear map α of yH is defined by α(yw) :=
yα1(w) for w ∈ H. This map is called Hoffman’s dual and satisfies
α2 = id.
2.2. Propositions and lemmas. In this subsection, we prepare some
propositions and lemmas which will be used later. By the definitions,
we can easily see the following proposition holds.
Proposition 2.1. For w1, w2 ∈ H
1, we have
Z
Â
(w1 ∗ w2) = ZÂ(w1)ZÂ(w2),
Z ⋆
Â
(w1 ∗ w2) = Z
⋆
Â
(w1)Z
⋆
Â
(w2)
in the ring Â.
Hoffman showed the following equivalence called the duality formula
for FMZ(S)Vs.
Lemma 2.2 (Duality formula; Hoffman [3]). For w ∈ yH, we have
ZA(w) = ZA(φ(w)),
Z ⋆A(w) = −Z
⋆
A(α(w))
in the ring A.
Seki generalized the second statement of the above theorem as fol-
lows:
Lemma 2.3 (p-adic duality; Seki [10]). For w ∈ yH, we have
∞∑
i=0
Z ⋆
Â
(Riy(w))p
i = −
∞∑
i=0
Z ⋆
Â
(Riyα(w))p
i
in the ring Â.
Proposition 2.4 (for example, Tanaka [12]). For w ∈ yH, we have
Sα(w) = −φS(w).
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Proposition 2.5. For w ∈ yH, we have
SRnyS
−1(w) = Rnz (w),
SRnxS
−1(w) = Rnx(w).
For l ∈ Z≥1, we define a derivation δl on H as a Q-linear map δl : H→
H satisfying Leibniz’s rule, and δl(x) = 0 and δl(y) = yx
l−1z.
Proposition 2.6. For l ∈ Z≥1 and w ∈ yH, we have
R−1z δlRz(w) = w ∗ yx
l−1.
Proof. Let w = yxk1−1 · · · yxkr−1. Since
R−1z δlRz(w) = yx
l−1zxk1−1yxk2−1 · · · yxkr−1 + · · ·
+ yxk1−1 · · · yxkr−1−1yxl−1zxkr−1
+ yxk1−1 · · · yxkr−1yxl−1
= yxk1−1 · · · yxkr−1 ∗ yxl−1
= w ∗ yxl−1,
we find the lemma holds. 
Lemma 2.7. For l ∈ Z≥1 and w ∈ yH, we have
R−1x ∂lRx(w) = −φ(φ(w) ∗ yx
l−1).
Proof. We note that φ ◦ δl ◦ φ(w) = −∂l(w) for l ∈ Z≥1 and w ∈ yH.
Thus, by Proposition 2.6, we have
R−1x ∂lRx(w) = −R
−1
x φ δl φRx(w)
= −φR−1z δlRz(φ(w))
= −φ(φ(w) ∗ yxl−1).
This finishes the proof. 
2.3. Proof of Theorem 1.3. By Lemma 2.3 and 2.4, we have
∞∑
i=0
Z
Â
(SRiy(w))p
i = −
∞∑
i=0
Z
Â
(SRiyα(w))p
i
= −
∞∑
i=0
Z
Â
(SαRix(w))p
i
=
∞∑
i=0
Z
Â
(φSRix(w))p
i
for w ∈ yH in Â. Then we get
n−1∑
i=0
ZAn(SR
i
y(w))p
i =
n−1∑
i=0
ZAn(φSR
i
x(w))p
i
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in An. By substituting S
−1(φ(w) ∗ yxl−1) into w, we have
n−1∑
i=0
ZAn(SR
i
yS
−1(φ(w)∗yxl−1))pi =
n−1∑
i=0
ZAn(φSR
i
xS
−1(φ(w)∗yxl−1))pi.
By Proposition 2.5, we have
n−1∑
i=0
ZAn(R
i
z(φ(w) ∗ yx
l−1))pi =
n−1∑
i=0
ZAn(R
i
zφ(φ(w) ∗ yx
l−1))pi.
By Lemma 2.7, we find
n−1∑
i=0
ZAn(R
i
zφR
−1
x ∂lRx(w))p
i =
n−1∑
i=0
ZAn(R
i
zR
−1
x ∂lRx(w))p
i.
Thus, we get
n−1∑
i=0
ZAn(R
i
z(1− φ)R
−1
x ∂lRx(w))p
i = 0.
This finishes the proof.
2.4. Equations for corollaries. By Lemma 2.7, for l ∈ Z≥1 and
w ∈ yHx, we have
φR−1x ∂l(w) = −φR
−1
x (w) ∗ yx
l−1.(2)
Applying Proposition 2.1, we have
ZAn(φR
−1
x ∂l(w)) = −ZAn(φR
−1
x (w))ZAn(yx
l−1)
for any n ∈ Z≥1 in An. The well-known fact ZA(yx
l−1) = 0 implies
ZA(φR
−1
x ∂l(w)) = 0
in A. By eq.(1), we find Corollary 1.5.
On the other hand, by Glaisher [1, §19], we have
ZA2(yx
l−1) = 0 (l:odd).
By eq.(2), we have
ZA2(φR
−1
x ∂l(w)) = 0(3)
for a positive odd integer l in A2. Since Rzφ = φRx, we have
Rz(1− φ)R
−1
x ∂l(w) = ∂l(w) +RyR
−1
x ∂l(w)− φ∂l(w).
It follows from this equality and Lemma 2.2 that we have
ZA2(Rz(1− φ)R
−1
x ∂l(w))p = ZA2(RyR
−1
x ∂l(w))p.
The eq.(1), eq.(3), and this equality imply Corollary 1.6.
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3. Appendix
Ohno-type relation for FMZSVs in A was established by Hirose-
Imatomi-Murahara-Saito [4]. Here, we introduce its generalization for
FMZSVs in Â. We denote the shuffle of two indices k and l by k x l,
e.g., (2, 3) x (1) := (1, 2, 3) + (2, 1, 3) + (2, 3, 1), and extend this Q-
linearly.
Theorem 3.1 (Hirose-Imatomi-Murahara-Saito [4]). For k = (k1, . . . , kr) ∈
Zr≥1 and m ∈ Z≥1, we have
ζ⋆A(k x ({1}
m)) =
∑
e1+···+er=m
ei≥0 (1≤i≤r)
ζ⋆A(k1 + e1, . . . , kr + er).
By Hoffman’s duality and Theorem 3.1, Hirose-Imatomi-Murahara-
Saito [4, Theorem 1.12] gave Ohno’s relation for FMZSVs in A. By
Seki-Yamamoto [11, Corollary 2.2] and Seki [10, Lemma 4.1], we can
obtain p-adic analogue of Ohno’s relation for FMZSVs. On the other
hand, we can simply extend Theorem 3.1 to Â.
Theorem 3.2. For k = (k1, . . . , kr) ∈ Z
r
≥1 and m ∈ Z≥1, we have
ζ⋆
Â
(k x ({1}m)) =
m∑
i=0
∑
e1+···+er=m−i
ei≥0 (1≤i≤r)
ζ⋆
Â
(k1 + e1, . . . , kr + er)ζ
⋆
Â
({1}i).
Remark 3.3. It is known that ζ⋆A({1}
i) = 0. Thus, we easily see Theo-
rem 3.2 implies Theorem 3.1.
We denote by I the Q-linear space spanned by the indices. Re-
call zk := yx
k−1 (k ∈ Z≥1). We define the Q-linear map I : yH → I
by I(zk1 · · · zkr) := (k1, . . . , kr), and write (k1, . . . , kr) ∗ (l1, . . . , ls) :=
I(zk1 · · · zkr ∗ zl1 · · · zls).
Proof. By Proposition 2.1, we have
ζ⋆
Â
(k x ({1}m))
=
m∑
i=0
∑
e1+···+er=m−i
ei≥0 (1≤i≤r)
ζ⋆
Â
((k1 + e1, . . . , kr + er) ∗ ({1}
i))
=
m∑
i=0
∑
e1+···+er=m−i
ei≥0 (1≤i≤r)
ζ⋆
Â
(k1 + e1, . . . , kr + er)ζ
⋆
Â
({1}i). 
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